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Example Program

x = 0;

X [0’10] “~\ -------------- X [0’0]

while (x <= 9)
x=x+ 1 x:[1,10]

09 s
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Fixed Point Computation
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Fixed Point Computation w/ Widening and Narrowing
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Interval Domain

e Concrete integers (Z) are abstracted by the complete lattice (i, 55):
Z={L}YU{[l,u] | l,u € ZU {—o00,00},1 < u}
L 2(V2€2) [l,ur] 55 [layus] <= o <liAug <up
@ Abstraction and concretization functions:

az(0) = 1 Ya(Llz) =0
az(S) = [min(S), max(S)] z([L,u]) ={z€Z|l<z<u}

@ Join and meet:

4 le zZ = Z
z I_lz 1l = 2
(L, ur] U7 [l2, u2] = [min(lq,l2), max(u1, uz)]
1z = 1
z I_lz 1l = 1

[l2,u1] (I Sl Alp < ug)
M1 uz] (I2 Ll Al S ug)
1 (otherwise)

[ll7 ul] I_lz [l2’ ’Ll/2]
(1, u1] M5 [l2, uz]
(1, u1] M5 [l2, uz]
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Interval Domain

@ Widening:

Il
I\

L \Y4/ Z
z \Y4/ 1
(1, 1] V7 [l2, u2]

Il
N

[l1 > 137 —o0:li,u; < ux? 0ot uq

@ Narrowing:

1Aazz = L
A; L = L
[ll,ul] Ai [lz,’u,g] = [l1:—OO? l2:l1,u1:oo? u2:u1]
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Abstract Booleans

o The truth values T = {true, false} are abstracted by (T, C45):

Blg;fi)z <~ 61252 V BIZJ-FI“ VEZZTT

T = {T4, Ls, true, false}

@ An abstract boolean denotes a set of concrete booleans:

@ Join and meet:

D
CCLC
[ L )

az : P(T) — T
ap(0) = Lg
az({true}) = @i
az({false}) = false
azp(T) = Tg

>

o~
>
RN
=) =)
o8

— S

o S
)

Y4 T — P(T)

73 (Ly) =0
va(true) = {true}
Y4 (false) = {false}

12(Tg¢) =T
ang b=>5(bCs a)
dl_l,fi):d(A Ei‘i))
angb= 1z
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Abstract States

e Concrete states (State) are abstracted by (S/ta?e, Csare):

State = Var — 7
81 Egig, 82 <= Vz € Var. 31(z) L 32().
@ An abstract state denotes a set of concrete states:
ag ¢ P(State) — State
a5e(S) = Ax [esaz({s(x)})

State — P(State)

Tstate
’Y@(S)

@ Join and meet:

s$1 l_IState S = Ax. él(m) |_|Z %z(w)
$1 Mg 2 = Az 31(x) Ny 82(x)

o Widening and narrowing:

SA1 vS/tzae 8A2 = A\x. .§1($) Vz .§2(w)

$1 Dgrme $2 = Az 81(x) &g 32()
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Abstract Semantics

Ala] : State — 7
A[n]G) = az({n})
A[z]() = 8(=)

Ala1+a2](8) = Ala1](3) +z Al a2](3)
i4|[ a1 * az [(3) ./}[ a1 [(3) x5 AA[[ a2 ](3)
Alar—az2](8) = Ala1](3) —; Al a21(3)

B[b] : State > T
g[true]](g) = true

Al a1 ](3) =; Al a2 ](3)

Bl a1 < a2 ](3) Al a1 1(3) <z Af a2 1(3)
B[ -b](3) -:B[ b]1(3)

BlbiAb2](3) = B[b11(3) Ag B[ b21(3)

. B[ false ](3)
B[ a1 = a2 [(3)
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Abstract Semantics

e Addition / subtraction / multiplication:

(1, 1] +5 [l2,u2] = [l1 + l2,u1 + uz]
(M1, u1] —5 [l2,u2] = [l1 — uz,u1 — l2]
[ll, u1] *Z [lz, ’u,z] = [min(lllz, l1U2, u1l2, U1UQ), maX(~ . )]
o Equality:
@ ifl1:U1:ZQIU2
[l1,u1] =5 [l2,u2] = { false if no overlap
T otherwise

@ Comparison:

Efu\e if Uy S l2
[l1,uq] <3 [l2,u2] = false ifly > ug
T otherwise
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Abstract Semantics
e Control-flow graph G = (IN, <) with commands, i.e., cmd(n):
¢ — x := a | assume(b) | skip

@ Transfer function fn : State — State:

. 3 R if emd(n) = skip
fn(d) =X 3[x— A[a]3)] fz:=a
Prune,(3) if assume(b)

where Prunep : State — State computes a pruned abstract state
such that

g ({8 € Ygiz(8) | BIb1(5)}) C Pruney () C 5.
@ The analysis is to compute the least fixed point of the function:
ﬁ:(N—)S/t;;@)—)(N—)S/t\ate)
F(X) = An. ful || X))

n’—n
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Fixed Point Computation

Widening phase

Narrowing phase

X(n):=X(n)vs
else
X(n):=X(n)Us

until W =0

W:=Wu{n |n<—n'}

W :=N
X :=An.L
repeat W :=N
n := choose(W) repeat
W := W\ {n} n := choose(W)
8= fu(Unyn X (') W =W\ {n}
if s Z X(n) s:= fn(ll, e, X (1))
if widening is needed if X(n)[Ls

X(n):=X(n)As
W:=Wu{n |n<—n'}
until W =0
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Exercise 1

Describe the interval analysis on the program:
@ without widening and

@ with widening/narrowing

while (x != 10)
x =x + 1;
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Exercise 2

Describe the interval analysis on the program:
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Goal: A Static Analyzer for S Based on the Interval Domain

block

decls stmts
decls decl | €
type x©

int | int[n]
stmts stmt | €

program
block
decls
decl

type
stmts

vw=e

if e stmt stmt
while e stmt
do stmt while e
read x

print e

block

stmt

et NI R

v x| xlel

n integer
v I-value
ete | e-e | exe | e/e | -e airthmetic operation
e==¢ | e<e | e<=e | e>e | e>=e conditional operation
le | elle | ek&e boolean operation

———1
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Control-Flow Graph
e G = (N, <) where each node n € N contains a command:
¢ — x = alloc(n) | lv = e | assume(e) | skip | read x | print e

@ Concrete domain

l € Loc = Var+ Addr X Offset
v € Value = Z + Addr X Size
Offset = N
Size = N
m € Mem = Loc— Value
a € Addr = Address

@ Concrete semantics

L(lv) : Mem — Loc
E(e) : Mem — Value
fn ¢ Mem — Mem
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Abstraction of Memory Objects

Memory locations are unbounded. In typical static analysis, arrays are
abstracted by their allocation sites, without distinguishing elements.
Q int i;
int[10] arr;
i=1;
arr[i] = 2;
Q@ int 1i;
int[10] a;
int[2] b;
al0] = 1;
alal[0]]
b[a[0]]

nn
w N
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Abstract Semantics

@ An abstract state maps abstract locations (fo\c) to values ( Val):

= Loc = Var + AllocSite
RS Val = 7 x m
Z = {L}U{[l,u]|l,u€ZU{—o0,00},l < u}
Array = P(AllocSite) x Z
m € Mem = Loc — Val

@ The analysis is to compute the least fixed point of the function:
F: (N — Mem) — (N — Mem)

F(X)=xn. fo( | | X))

n’<—n
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Abstract Semantics

@ An l-value evaluates to a set of abstract locations:

_ L(lw) : Mem — P(Loc)
L@)(m) = {x}
L(z[e]) () = m(z).2.1

@ An expression evaluates to an abstract value:

g(e) . Mem — Val

Emn) = (Innl, L)
CE@) = Uezauem 0
E(er +ea)(m) = E(e1)() +yz E(e2) ()

e Transfer function: fy, (1) =

e > E(e) ()] o if lv := e, L(Iv) () = {x}
Llief,(lv)(m) m[l — m(l) U E(e)(m)] iflv:=e, L(IV)(M)=...
Prune. (12) if assume(e)

Hakjoo Oh COSE312 2026 Spring, Lecture 14 March 9, 2026 20/21



Summary

@ Interval abstract domain
@ Fixed point computation with widening and narrowing

@ Interval domain-based static analysis for S
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