COSE 215:Theory of Computation

Lecture |6

Examples of Turing Machines (1)

Hakjoo Oh
2019 Spring



Example |. Design a Turing machine that accepts L = {a™b" | n > 1}.

M = ({QOa d1,42, 43, Q4}7 {CL, b}7 {CL, b7 £Z,Y, B}7 57 qo, B? {Q4})

0(qo,a) = (q1,%, R)  0(q2,v) = (¢2,9, L) 0(qo,y) = (g3,9, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (q3,y, R)
5(Q17y) — (Chava) 5(QQ7$) — (QvavR) 5(Q37B) — (Q47B7R)
0(q1,0) = (g2,y, L)









\/\_/\/\_/

(In ql, move right to search for the leftmost ‘b’)

= (q1,z,R)  0(q2,y) = (q2,¥, L) 0(q0,y) = (g3, Yy, R)
= (q1,a, R) 0(q2,a) = (g2,a, L) 0(g3,y) = (g3,9, R)
— E — (QOaxaR) 5(QSaB) — (Q4aB7R)

q1, y,R)) 0(q2, )












\/\_/\/\_/

(In g2, move left to search for the leftmost ‘a’)

= (q1,z,R)  0(q2,y) = (q2,¥, L) 0(q0,y) = (g3, Yy, R)
= (q1,a, R) 0(q2,a) = (g2,a, L) 0(g3,y) = (g3,9, R)
— E — (QOaxaR) 5(QSaB) — (Q4aB7R)

q1, y,R)) 0(q2, )



B a|a|y|b|b|B
(q0,a) = (q1,z,R)  d(q2,y) = (q2,y, L) 0(q0,y) = (g3, 9, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
(¢1,y) = (q1,9, R)  d(q2,7) = (qo,x,R)  0(q3,B) = (qu, B, R)
(Qlab) (QQayaL)



B/ x| a|a|y|b|b|B
(q0,a) = (q1,z,R)  d(q2,y) = (q2,y, L) 0(q0,y) = (g3, 9, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
(¢1,y) = (q1,9, R)  d(q2,7) = (qo,x,R)  0(q3,B) = (qu, B, R)
(Qlab) (QQayaL)















0(q2,y) = (g2, ¥, L) 0(q0,y) = (g3, 9, R)
0(q2,a) = (g2, a, L) 0(q3,y) = (g3, 9, R)
0(g2,x) = (qo,x, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (g2, ¥, L) 0(q0,y) = (g3, 9, R)
0(q2,a) = (g2, a, L) 0(q3,y) = (g3, 9, R)
0(g2,x) = (qo,x, R) 0(q3, B) = (q4, B, R)
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0(q2,y) = (g2, ¥, L) 0(q0,y) = (g3, 9, R)
0(q2,a) = (g2, a, L) 0(q3,y) = (g3, 9, R)
0(g2,x) = (qo,x, R) 0(q3, B) = (q4, B, R)









(In g3, move right to check that there are no more b’s)

(90,a) = (q1,z,R)  0(q2,y) = (g2,¥, L) 0(qo,y) = (g3,y, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(g3,y) = (g3,y, R)
(Q1 y; — E — (QOaxaR) 5(QSaB) — (Q4aB7R)

q1, y,R)) 0(q2, )






(no more b’s)

0(q2,y) = (q2,9, L) 0(q0,y) = (g3,9, R)
0(q2,a) = (q2,a, L) 0(q3,y) = (g3, ¥y, )
0(q2,7) = (qo,x, R) 0(q3, B) = (q4, B, R)



Q1,Yy, R)
q2,Y, L)

0(q2,y) = (q2,y, L)
5(Q2, ) — (QQ,G L)
5(QQ7 ) — (QO,CE R)

“final state”

0(qo,y)
0(q3,y)
0(q3, B)

(g3,vy, R)

(QSayaR)
(Q47 Ba R)



When the input string is not in the language:

0(q0,a) = (q1,z,R)  d(q2,y) = (g2,¥, L) 0(q0,y) = (g3, 9, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
0(q1,y) = (q1,y, R) 0(q2, ) = (qo,x,R)  06(g3,B) = (qa, B, R)
5(@11, ): (Q2,y> )









B a |y b|b|b | B
(q0,a) = (q1,z,R)  d(q2,y) = (q2,y, L) 0(q0,y) = (g3, 9, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
(¢1,y) = (q1,9, R)  d(q2,7) = (qo,x,R)  0(q3,B) = (qu, B, R)
(Qlab) (QQayaL)



B/ x| a|y|b|b|b|B
(q0,a) = (q1,z,R)  d(q2,y) = (q2,y, L) 0(q0,y) = (g3, 9, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
(¢1,y) = (q1,9, R)  d(q2,7) = (qo,x,R)  0(q3,B) = (qu, B, R)
(Qlab) (QQayaL)












0(q2,y) = (g2, ¥, L) 0(q0,y) = (g3, 9, R)
0(q2,a) = (g2, a, L) 0(q3,y) = (g3, 9, R)
0(g2,x) = (qo,x, R) 0(q3, B) = (q4, B, R)



B X|y|y|b|b|B
(q0,a) = (q1,z,R)  d(q2,y) = (q2,y, L) 0(q0,y) = (g3,y, R)
(q1,a) = (q1,a, R) 0(q2,a) = (g2,a, L) 0(q3,y) = (g3,9, R)
(q1,y) = (1, ¥, R) (g2, z) = (qo,xz,R) (g3, B) = (q4, B, R)
(Qlab) (QQayaL)









(undefined, halt)

0(q2,y) = (q2,9, L) 0(q0,y) = (g3,9, R)
0(q2,a) = (q2,a, L) 0(q3,y) = (g3, ¥y, )
0(q2,7) = (qo,x, R) 0(q3, B) = (q4, B, R)



Example 2. Given z and y, design a Turing machine that computes x + .

M = ({QOa d1,42, 43, q4}7 {07 1}7 {07 17 B}7 57 qo, B? {Q4})

5(QO7 1) — (QO7 17 R)
0(q0,0) = (¢1,1, R)
5(Q17 1) — (Q17 17 R)
5(Q17B) — (QQaBaL)
5(Q2, 1) — (QSJ()?L)
5(Q37 1) — (Q37 17 L)
5(QS7B) — (Q4anR)



Initial machine configuration:




Final machine configuration:




Final machine configuration:

Addition in math is to move 0 to the right end
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(In ql, search for the right end of y)
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(In g2, replace the rightmost | by 0)
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(In g3, look for the leftmost |)

0(q0,0) = (q1,1, R)
0(q1,1) = (q1, 1, R)
5(q17B) — (QQaBaL)
5(QQ71) — (q3707L)
5(Q371) — (q3717L>
5(Q37B) — (Q47B7R)
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“final state”
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Example 3. Design a Turing machine that transforms w into ww.

M = ({QO7Q17QZ7QS}7{1}7{173373}757 QOaBa{Q3})

5(Q071) — (QO7:U7R)
0(qo, B) = (q1, B, L)
5(Q171) — (Q1717L)
5(Q17x) — (QQalaR)
5(QQ71) — (QZvlaR)
5(Q27B) — (Q1717L)
5(Q17B) — (Q3aBaR)



Initial machine configuration:




Final machine configuration:
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Initially, replace every | by x

6(q071) — (QO7$7R)
5(QO7B) — (Q17B7L)
0(q1,1) = (q1,1, L)
5(QI7£C) — <QQ717R)
5(QQ71) — (QQ,l,R)
5(QQaB) — <Q1717L)
5(Q1aB) — (QSanR)




In gql, look for the rightmost x

6(q071) — (QO7$7R)
5(QO7B) — (Q17B7L)
0(q1,1) = (q1,1, L)
5(QI7£C) — <QQ717R)
5(QQ71) — (QQ,l,R)
5(QQaB) — <Q1717L)
5(Q1aB) — (QSanR)




In g2, look for the first blank and write |

6(q071) — (QO7$7R)
5(QO7B) — (Q17B7L)
0(q1,1) = (q1,1, L)
5(QI7£C) — <QQ717R)
5(QQ71) — (QQ,l,R)
5(QQaB) — <Q1717L)
5(Q1aB) — (QSanR)
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“final state”

5(QO71) — (CIwaaR)
5(QO7B) — (Q17B7L)
0(q1,1) = (q1,1, L)
5(QI7:C) — <QQ717R)
0(q2,1) = (g2, 1, R)
5(Q2aB) — <Q1717L)
5(Q1aB) — (QSaBaR)




Example 4. Design a Turing machine that computes f(m,n).

f(m,n) = max(m —n,0) = if m > n then m —n else 0



Example 4. Design a Turing machine that computes f(m,n).

f(m,n) = max(m —n,0) = if m > n then m —n else 0

M = ({QOa qi1, . - . 7Q6}7 {07 1}7 {07 17 B}? 57 qo, B) {Q6})

0 1 B

do <Q1aBaR) (Q57B7R)
q1|(q1,0,R) | (q2,1, R)

q2 (Q3717L) (Q2717R) (Q47B7L)
d3 (QSaoaL) (Q3717L) (qovaR)
qa (Q4707L) (Q4,B,L) (Q6707R>
ds (Q5vBaR) (Q5vBaR) (QGanR)
de



Initial machine configuration: e.g., f(3,1)

B, 0|0 |0 I

When the machine halts:




e.g., f(3,1)
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e.g., f(1,1)
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e.g., f(1,2)
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Example, revisited



e.g., f(3,1)

Scanned 0 in g0, the cycle must repeat:

|. replace O by B
2. move right
3. enter ql

0 1 B

do <Q1aBaR) (Q57B7R)
q1|(q1,0,R) | (q2,1, R)

q2 (QBalaL) (QQalaR) (Q4aBaL)
d3 (QS707L> (Q3717L) (Qo,B,R)
q4 (Q4707L) (Q4aB7L) (QG,O,R)
ds (Q5aBaR) (Q5aBaR) (Q6>B7R)
de



In ql, search right,
looking for leftmost |
0 1 B

qo <Q1aBaR) (Q57B7R)

q1 <Q1707R) (QQalaR)

q2 (QSalaL) (QQalvR) (Q4,B,L)

qs (Q3707L) (Q3717L) <QO7B7R)

44 (Q4707L) (Q4aB7L) (QGaoaR)

ds5 (Q57B7R) (Q5aB7R) (Q67B7R)

de




In ql, search right,
looking for leftmost |
0 1 B

qo <Q1aBaR) (Q57B7R)

q1 <Q1707R) (QQa 17R)

q2 (QSalaL) (QQalvR) (Q4,B,L)

qs (Q3707L) (Q3717L) <QO7B7R)

44 (Q4707L) (Q4aB7L) (QGaoaR)

ds5 (Q57B7R) (Q5aB7R) (Q67B7R)

de




When found, enter g2
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- In g2, move right until it finds O

- When found, change it by |

- enter q3

0 1 B

do <Q1aBaR) (Q57B7R)
q1|(q1,0,R) | (q2,1, R)

q2 (QBalaL) (QQalaR) (Q4aBaL)
d3 (QS707L> (Q3717L) (Qo,B,R)
q4 (Q4707L) (Q4aB7L) (QG,O,R)
ds (Q5aBaR) (Q5aBaR) (Q6>B7R)
de




In g3, move left until it find B
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do
d1
q2
d3
q4
ds
d6

Sy




Begin a new cycle.
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When found, enter g2
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move right until it finds O
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- No more O7s.

- All n O’s changed to |

- nt| O’s changed to B

- m-(nt1) O’s on the tape
- replace all I's by B and put one 0

0 1 B

do (Q1aBaR) (Q5anR)
q1|(q1,0,R) | (q2,1, R)

q2 (QBalaL) (QQalaR) (Q4aBaL)
d3 (Q3707L> (Q3717L) (Qo,B,R)
q4 (Q4707L) (Q4aB7L) (QG,O,R)
ds (Q5aBaR) (Q5aBaR) (QGaBaR)
de




do
d1
q2
d3
q4
ds
d6

Sy
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- change that B by O
- enter the final state

Sy
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e.g., f(1,1)

- change O by B
- enter ql

0 1 B

do <Q1aBaR) (Q57B7R)
q1|(q1,0,R) | (q2,1, R)

q2 (QBalaL) (QQalaR) (Q4aBaL)
d3 (Q3707L) (Q3717L) (Qo,B,R)
q4 (Q4707L) (Q4aB7L) (QG,O,R)
ds (Q5vaR) (Q5aBaR) (Q6aBaR)
de



de

- look for the leftmost |
- when found, enter q2
0 1 B

qo <Q1aBaR) (Q57B7R)

q1 (C_ZlaoaR) (QQa 17R)

q2 (QSalaL) (QQalvR) (Q4,B,L)

qs (Q3707L) (Q3717L) (QO7B7R)

44 (Q4707L) (Q4aB7L) (QGaoaR)

ds5 (Q57B7R) (Q57B7R) (Q67B7R)




- move right until it finds 0
- when found, that O by |
- enter q3
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move left until it finds B
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when B found, begin the cycle
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- cannot find 0 in g0
- N>=m

- replace | by B

- enter g5

Sy




do
d1
q2
d3
q4
ds
d6

Sy
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enter g6
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