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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.Example 1.
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

(In q1, move right to search for the leftmost ‘b’)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a b b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a b b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a y b b B …

(In q2, move left to search for the leftmost ‘a’)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x a a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y b b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x a y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y b B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …

(In q3, move right to check that there are no more b’s)



q3

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …



q3

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …

(no more b’s)



q4
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

… B x x x y y y B …

“final state”



… B a a b b b b B …

q0
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

When the input string is not in the language:



… B x a b b b b B …

q1
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x a b b b b B …

q1

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x a y b b b B …

q2

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x a y b b b B …

q2

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x a y b b b B …

q0

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x x y b b b B …

q1

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x x y b b b B …

q1

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)



… B x x y y b b B …

q2

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

1.2 Examples

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

(undefined, halt)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Initial machine configuration:
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q4

Final machine configuration:

Addition in math is to move 0 to the right end
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

(In q1, search for the right end of y)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

(In q2, replace the rightmost 1 by 0)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

(In q3, look for the leftmost 1)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}

That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

“final state”
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)

Initially, replace every 1 by x
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)

In q1, look for the rightmost x
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)

In q2, look for the first blank and write 1



… B x x 1 1 B B B …

q1

4

Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)
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See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)
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– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.
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is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then
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– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is
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+ | q0w `⇤
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⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.
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is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then
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– Suppose �(q,Xi) = (p, Y,R). Then
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M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.
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We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.
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�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})
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See the complementary slides.

1.2 Turing Machines as Computing Machines
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Example 4. Given x and y, design a Turing machine that computes x+ y.
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})
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We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})
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See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})
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Example 4. Given x and y, design a Turing machine that computes x+ y.
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.
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and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.
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is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)
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Definition 2. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then, any string X1 · · ·Xi�1qXi · · ·Xn

is an ID.

– Suppose �(q,Xi) = (p, Y, L). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�2pXi�1Y Xi+1 · · ·Xn

– Suppose �(q,Xi) = (p, Y,R). Then

X1 · · ·Xi�1qXi · · ·Xn ` X1 · · ·Xi�1Y pXi+1 · · ·Xn

M is said to halt from some initial configuration X1 · · ·Xi�1qXi · · ·Xn if

X1 · · ·Xi�1qXi · · ·Xn `⇤
Y1 · · ·Yj�1qYj · · ·Xm

and �(q, Yj) is undefined.

Language of Turing Machines Now, we define the language of Turing machines:

Definition 3. Let M = (Q,⌃,�, �, q0, B, F ) be a Turing machine. Then the language accepted by

M is

L(M) = {w 2 ⌃

+ | q0w `⇤
x1qfx2 for some qf 2 F, x1, x2 2 �

⇤}
That is, the Turing machine accepts the string w if the initial configuration goes to a final state.

Example 3. Design a Turing machine that accepts L = {anbn | n � 1}.

M = ({q0, q1, q2, q3, q4}, {a, b}, {a, b, x, y,B}, �, q0, B, {q4})

�(q0, a) = (q1, x, R) �(q2, y) = (q2, y, L) �(q0, y) = (q3, y, R)

�(q1, a) = (q1, a, R) �(q2, a) = (q2, a, L) �(q3, y) = (q3, y, R)

�(q1, y) = (q1, y, R) �(q2, x) = (q0, x, R) �(q3, B) = (q4, B,R)

�(q1, b) = (q2, y, L)

See the complementary slides.

1.2 Turing Machines as Computing Machines

We can use a Turing machine as a calculator.

Example 4. Given x and y, design a Turing machine that computes x+ y.

M = ({q0, q1, q2, q3, q4}, {0, 1}, {0, 1, B}, �, q0, B, {q4})

�(q0, 1) = (q0, 1, R)

�(q0, 0) = (q1, 1, R)

�(q1, 1) = (q1, 1, R)

�(q1, B) = (q2, B, L)

�(q2, 1) = (q3, 0, L)

�(q3, 1) = (q3, 1, L)

�(q3, B) = (q4, B,R)

Example 5. Design a Turing machine that transforms w into ww.

M = ({q0, q1, q2, q3}, {1}, {1, x, B}, �, q0, B, {q3})

�(q0, 1) = (q0, x, R)

�(q0, B) = (q1, B, L)

�(q1, 1) = (q1, 1, L)

�(q1, x) = (q2, 1, R)

�(q2, 1) = (q2, 1, R)

�(q2, B) = (q1, 1, L)

�(q1, B) = (q3, B,R)

“final state”


