Example |. Design a Turing machine that accepts L = {a™b" | n > 1}.

<

— ({QO7 d1, 42, 43, Q4}7 {aa b}7 {a7 b7 £L,Y, B}7 57 qo B) {Q4})

0(qo0,a) = (q1,7, R)  d(q2,y) = (q2,¥, L) 6(q0,vy) = (g3, ¥, R)
6(q1,a) = (q1,a, R) 6(g2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
5(Q17y) — (Q17yaR) 5(5127$) — (QvaaR) 5(QS7B) — (Q4vaR)
0(q1,0) = (q2,y, L)






(In gl, move right to search for the leftmost ‘b’)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (g3, y, RR)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)









(In g2, move left to search for the leftmost ‘a’)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (g3, y, RR)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)



B alal|ly|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (1,9, R) 6(q2,x) = (g0, 2, R)  d(g3,B) = (qu, B, R)
b) = (g2, y, L)



B/ x|a|a|y|b|b | B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)















0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)





















0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)






(In g3, move right to check that there are no more b’s)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (g3, y, RR)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)






(no more b’s)

0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (g2,y, L)
0(q2,a) = (g2,a, L)
5(QQ7 ) — (QQ,CE R)

“final state”

0(qo,y)
5(Q37 y)
0(q3, B)

(QSv Y, R)

(QSayaR)
(Q47 Ba R)



When the input string is not in the language:

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (g3, y, RR)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)









B a |y b|b|b | B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)



B/ x|a |y  b|b|b | B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)












0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



B X|yl|ly|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (q3,y, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)









(undefined, halt)

0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



Example 2. Given z and y, design a Turing machine that computes x + v.

M = ({qo,q1, 92,93, 91 },{0,1},{0,1, B}, 9, g0, B, {q4})

5(QO71) — (QO717R)
0(q0,0) = (q1,1, R)
5(Q171) — (Q1717R)
0(q1,B) = (q2, B, L)
5(QQ71) — (QBaoaL)
5(Q371) — (QS717L)
5(Q37B) — (Q4anR)



Initial machine configuration:




Final machine configuration:

Addition in math is to move 0 to the right end



N7 NN

N

LY [ N LY

N—" e’

N 7 NN

Sook
QS

[ N - LY [ N

N— e’ N NS

AN N NN



N7 NN

N

LY [ N LY

N—" e’

N 7 NN

Sook
QS

[ N - LY [ N

N— e’ N NS

AN N NN



N7 NN

N

LY [ N LY

N—" e’

N 7 NN

Sook
QS

[ N - LY [ N

N— e’ N NS

AN N NN



(In ql, search for the right end of y)

0(q0,1) = (q0, 1, R)
5(QO70) — (Q17]-7R)
0(q1,1) = (q1, 1, R)
5(Q1aB) — (QZ7B7L)
5(Q271) — (Q3707L)
5(Q371) — (QSalaL)
5(QSaB) — (Q47BaR)
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(In g2, replace the rightmost | by 0)
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(In g3, look for the leftmost |)
0(qo,1) = (qo, 1, R)

0(qo,0) = (Q1lR)
0(q1,1) = (Q1lR)
0(q1, B) = (g2, B, L)
( )Z(%OL)
( , 1) =(g3,1, L)
(g3, B) = (q4, B, R)
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“final state”
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Example 3. Design a Turing machine that transforms w into wuw.

= ({90, 01, 92,93}, {1}, {1, 2, B}, 9, q0, B, {q3})

(QO7 ) (C](),ZU R)
(QOa ) (Q1aB L)
(Q17 ) (Q17 17 L)
(QIa ) (QZa 17 R)
( 25 ) (qu 7R)
(QQa ) (Q17 7L)
(QIv ) (Q37 R)



Initial machine configuration:




Final machine configuration:




BB B B

NI EIs
TMDD 171717173

N— e’ e e N N N

AN N N N N /S

%%%%%%%
(((((((
S =" B R ==



BB B B

NI EIs
TMDD 171717173

N— e’ e e N N N

AN N N N N /S

%%%%%%%
(((((((
S =" B R ==



BB B B

X

NI EIs
TMDD 171717173

N— e’ e e N N N

AN N N N N /S

%%%%%%%
(((((((
S =" B R ==



Initially, replace every | by x

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)




In ql, look for the rightmost x

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)




In g2, look for the first blank and write |

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)
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“final state”




