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The Interval Domain

/ S o (-2, 2]



Example Program

l X:[—00, 0]

1‘ x=0 ‘
x 1 [0,10] l x 1 [0.0]

x = 0 , ‘
while (x <= 9) /// \\\

= x :10,10]

X = x + 1 x: [1,10]
3‘ X <=9 ‘ 5‘ X>9 ‘
x:[10,10]

x : [0,9] 4




cf. Multiple Variables

X :[—o00, 00]
l y. [—O0,00]
[ x=0 |
l x : [0,0]
. y. :—OO, OO]
T | y=9 | |
, x : [0,10] x : [0,0]
while (x <= vy) l ]
¥ = x + 1; y :[9,9] ‘ y:[9.9]
x : [0,10]
<1110 /N o)
y o,
x:[10,10]
X . [0,9] y - [939]

y : [9,9]




Fixed Point Computation

Initial states



Fixed Point Computation

l X :[—o00, 00]
ril =0 |
l x 1 [0,0]
| |
x: 1 / \4 ot
3‘ X <=9 ‘ 5‘ x>9 ‘
l ! :
+ x=x+1‘




Fixed Point Computation

l x:[—o00,00]
x : [0,0] | x=0 |
l x 2 [0,0]
. / \ x 2 [0,0]
‘x< 9 ‘ X>9 ‘
S
=X+ 1 ‘
x: 1l

Input state: [0,0] U L =[0,0]



Fixed Point Computation

l X :[—o00, 00]
x 1 [0,0] [ x=0 |
l x 1 [0,0]
. / \ x : [0,0]
‘x< 9 ‘ X>9 ‘
i E
=X+ 1 ‘
x : [0,0]

10,0] M [—00,9] = [0,0]



Fixed Point Computation

00, 00|
x: [0.0] [ x=0 |
l x: [0.0]
] |
x: [1,1] / \ x 1001
‘x<=9 ‘ ‘ x>9 ‘
l l x: 1
x=x+1‘

x : [0,0]



Fixed Point Computation

l X :[—00,00]
X [0,1] | x=0 |
l x 2 [0,0]
— |
x: [1,1] / \ #2104
‘x<=9 ‘ ‘ x>9 ‘
R
x=x+1‘
x : [0,0]

Input state: [0,0] U [1,1] =[0,1]
(1st iteration of loop)
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Fixed Point Computation

l X :[—o00, 00]
x: [0,1] [ x=0 |
l x 1 [0,0]
e (L) / \ x:[0,1]
‘x< 9 ‘ x>9 ‘
A [
=X+ 1 ‘
x:[0,1]

10,1] M [—00,9] = [0,1]
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Fixed Point Computation

00, 00|
x: [0.1] [ x=0 |
l x: [0.0]
] |
x:[1,2] / \ © 0]
‘x<=9 ‘ ‘ x>9 ‘
l l x: 1
x=x+1‘

x:[0,1]
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Fixed Point Computation

l X :[—00,00]
X [0,2] | x=0 |
l x 2 [0,0]
— |
x: [1,2] / \ * 2 10.2]
‘x<=9 ‘ ‘ x>9 ‘
R
x=x+1‘
x:[0,1]

Input state: [0,0] U [1,2] =[0,2]
(2nd iteration of loop)
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Fixed Point Computation

l x:[—o00,00]
x 1 [0.9] [ x=0 |
l x 2 [0,0]
—— |
x:[1,9] / \ X109
‘x<=9 ‘ ‘ X>9 ‘
1 1 xi L
x=x+1‘
x : [0,8]

Input state: [0,0] L [1,9] =[0,9]
(9th iteration of loop)
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Fixed Point Computation

l X :[—o00, 00]
x 1 [0.9] [ x=0 |
l x 1 [0,0]
N / \ x 1 [0.9]
‘x< 9 ‘ X>9 ‘
i E—
=X+ 1 ‘
x: [0,9]

10,9] M [—00,9] = [0,9]
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Fixed Point Computation

00, 00|
x £ [0.9] [ x=0 |
l x - [0,0]
] |
x:[1,10] / \ x+ 109
‘x<=9 ‘ ‘ x>9 ‘
l l x: L
x=x+1‘

x: [0,9]
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Fixed Point Computation

l x:[—o00,00]
x 1 [0,10] | x=0 |
l x 1 [0,0]
—— |
x : [1,10] / \ * 2 10,10]
‘x<=9 ‘ ‘ xX>9 ‘
| 1 il
x=x+1‘
x: [0,9]

Input state: [0,0] U [1,10] = [0,10]
(10th iteration of loop)
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Fixed Point Computation

x : [0,10]

x:[1,10]

x: [0,9]

A

fixed point

l X :[—00,00]
| x=0 |
l x 2 [0,0]
B |
/ \ x : [0,10]
‘x<=9 ‘ ‘ X>9 ‘
R
x=x+1‘

10,10] M [=00,9] =[0,9]
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Fixed Point Computation

l X :[—00,00]
x : [0,10] | x=0 |
l x 2 [0,0]
— |
x : [1,10] x// \\\ *+ 10,101
| x<=9 | | x>9 |
l l x 2 [10,10]
x=x+1‘
x: [0,9]

10,10] M [10,00] = [10,10]
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Fixed Point Comp. with Widening

l X :[—o00, 00]
L ‘ x=0 ‘
l x: [0,0]
— |
x: L / \4 L
‘x<=9 ‘ ‘ x>9 ‘
l l :
= +1‘




Fixed Point Comp. with Widening

l X :[—00,00]
x 1 [0,0] [ x=0 |
l x 1 10,0]
x: 1 / \4 * 1001
‘x< 9 ‘ X>9 ‘
S N EE
=x+ 1 ‘
x: 1

Input state: [0,0] U L =[0,0]
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Fixed Point Comp. with Widening

l X :[—00,00]
x 1 [0,0] | x=0 |
l x 2 [0,0]
— |
xil / \ * 2 10.0]
‘x<=9 ‘ ‘ xX>9 ‘
I
x=x+1‘
x : [0,0]

10,0] M [—00,9] = [0,0]
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Fixed Point Comp. with Widening

l X :[—o00, 00]
x : [0,0] | x=o0 |
l x 2 [0,0]
_ |
i / \ x 2 [0,0]
‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x : [0,0]
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Fixed Point Comp. with Widening

1. Compute output by joining inputs:
[0,0]u[1,1] =10,1]
l X :[—o00, 00]
[ x=0 |
l x: [0,0]

e [L1] ‘///' \\\\ x : [0,00]

x : [0,00]

‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x : [0,0]
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Fixed Point Comp. with Widening

2. Apply widening with old output:
[0,0] v [0,1] = [0,00]
l X :[—o00, 00]
[ x=0 |
l x: [0,0]

e [L1] / \ x : [0,00]

x : [0,00]

‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x : [0,0]
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Fixed Point Comp. with Widening

3. Check if fixed point is reached

[0,0] A [0,00]
l X :[—00, 0]
x : [0,00] ‘ x=0 ‘
l x 1 [0,0]
e [L1] / \ x : [0,00]
‘x< 9 ‘ x>9 ‘
l l x: 1

x : [0,0]
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Fixed Point Comp. with Widening

l X :[—00,00]
x : [0,00] | x=0 |
l x 2 [0,0]
— |
x: [1,1] / \ % ¢ [Oec]
‘x<=9 ‘ ‘ x>9 ‘
A S
x=x+1‘
x: [0,9]

[0,00] M [—00,9] = [0,9]
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Fixed Point Comp. with Widening

l X :[—o00,00]
x : [0,00] ‘ x=0 ‘
l x : [0,0]
] |
v 1110 N v:10.0]
‘ x <=9 ‘ ‘ x> 9 ‘
l l x: 1
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Widening

1. Compute output by joining inputs:
[0,0] u[1,10] =[0,10]
l X :[—o00, 00]
[ x=0 |
l x: [0,0]

v 11,10 /. O\ v: 1000

x : [0,00]

‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Widening

2. Apply widening with old output:

[0,00] v [0,10] = [0,00]

l X :[—o00, 00]
[ x=0 |

l x: [0,0]

v 11,10 /. O\ v: 1000

x : [0,00]

‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Widening

3. Check if fixed point is reached
[0,00] 3 [0,00]
l X :[—00, 0]
[ x=0 |
l x: [0,0]

v 11,10 /. O\ v: 1000

x : [0,00]

‘x<=9 ‘ ‘ X>9 ‘
l l x: 1
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Widening

l X :[—o00, 00]
x : [0,00] ‘ x=0 ‘
l x 2 [0,0]
x:[1,10] / \ © 1000
=9 | [x59 ]
l l x : [10,00]
=X+ 1 ‘
x: [0,9]

[0,00] T [10,00] = [10,00]
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Fixed Point Comp. with Narrowing

1. Compute output by joining inputs:
[0,0] u[1,10] =[0,10]
l X :[—o00, 00]
x 2 [0,10] | x=0 |
l x: [0,0]

x: [1,10] / \ x : [0,10]

‘x<=9 ‘ ‘ X>9 ‘
l l x : [10,00]
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Narrowing

2. Apply narrowing with old output:

[0,00] /\ [0,10] = [0,10]
l X :[—o00, 00]

x: [0,10] | x=0 |
l x: [0.0]

x: [1,10] / \ x : [0,10]

‘x<=9 ‘ ‘ X>9 ‘
l l x : [10,00]
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Narrowing

3. Check if fixed point is reached:
[0,00] IZ [0,10]
l X :[—o00, 00]
x : [0,10] | x=0 |
l x 1 10,0]

x: [1,10] / \ x : [0,10]

‘x<=9 ‘ ‘ X>9 ‘
l l x : [10,00]
x=x+1‘

x: [0,9]
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Fixed Point Comp. with Narrowing

l X :[—o00,00]
x:[0,10] | x=0 |
l x : [0,0]
x: [1,10] / \ x : [0,10]
‘X< ? ‘ X>9 ‘
l l x :[10,10]
=X+ 1 ‘

x : [0,9]
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The Interval Domain

e The set of intervals:

Z={ 1LY YU{[Lu]l|lLu€e ZU{—00,00},l<u}

e Partial order:

1LE2 (foranyz2e2) [LL,uwlClhwl < LAy <u,

luz=z zul=2 [L,uluUlh ul=I[minl,L), max(u,u,)]

L, u )N b, uy) = [h,ul (tL <L AL <u

I,u,] (fL <AL <u,)

—_
=
— )|
1
[:T‘
<
)

1

21 ['] 22 — L (Otherwise)
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The Interval Domain

e Widening:
LVi=z
iV L=2

* Narrowing:
LAzZ=1
A L=1
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The Interval Domain

_l1a U |

hlp U |

_11, U |

e Equality

_lp U |

_lla ul_

_lla Ui |

_lla Ui |

Va\

<

<

e Addition / Subtraction / Multip

_lza U |

ication:

1+ b, uy + uy)

1 = Uy, uy — 1]

—_ [min(lllz, lll/lz, ullz, uluz), maX(lllz, lll/lz, ullz, uluz)]

(=) produces T except for the cases:

_129 U |

_l29 U |

_129 U |

_12, U |

= false (no overlap)

e "Less than” (<) produces T except for the cases:

= [rue

(it u; < 1,)
= false (if I, > u,)
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Abstract Memory

A\

VaN

M = Var —» 7/

m; Em, < Vx €& Var. m(x) C m,(x)

my Um, = Ax.

m(x) LU m,(x)

. my(x) M my(x)
 my(x) V my(x)
() A\ my(x)



Worklist Algorithm

Fixpoint comp. with widening Fixpoint comp. with narrowing
W := Node W .= Node
T:=n. Ly while W # @&
while W # & n .= choose(W)
n := choose(W) W .= W\ {n}
W= W\{n} in := inputof(n,T)
in = inputof(n, T) out := analyze(n, in)
out := analyze(n, in) if T(n) IL out
if out IZ T(n) T(n) := T(n) /\ out
if widening is needed W .= WU succ(n)
T(n) := T(n) \/ out
else

T(n) :=T(n) Uout
W .= WU succ(n)
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Exercise (2)

Describe the result of the interval analysis:
(1) without widening
(2) with widening/narrowing
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Widening with Thresholds

Assume a set T of thresholds is given beforehand: e.g., T = {5,10}
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Widening with Thresholds

1. Compute output by joining inputs:
0,01 U [1,1] = [0,1]

l X :[—o00, 00]
| x=0 |
x : [0,5] x 1 [0,0]
|
e T / \ x :[0,5]
| x1=10 [ [x==10|

x 1 [0,0] x=x+1‘
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Widening with Thresholds

2. Given T = {5,10}, use 5 as threshold
when applying widening:

[0,0] v [0,1] = [0,5] l x 1 [~00, 0]
‘ x=0 ‘
x:[0,5] * 10,01
|
x:[1,1] ‘/ \ i
| x1=10 | | x==10|

x 1 [0,0] x=x+1‘
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Widening with Thresholds

3. Check if fixed point is reached:

[0,0] 2 [0,5]
l X :[—o00, 00]
| x=0 |
x:[0,5] x : [0,0]
|
X [11] / \ x:10.9]
| x1=10 [ [x==10|

x :[0,0] x=x+1‘

46



Widening with Thresholds

l X :[—o00,00]
| x=0 |
x:[0,5] x : [0,0]
|
x: (1] / \ x:10.9]
| x1=10 [ [x==10|

x 1 [0,5] x=x+1‘

47



Widening with Thresholds

l X :[—o00,00]
| x=0 |
x:[0,5] x : [0,0]
|
x: [1.6] / \ x 0]
| x1=10 [ [x==10|

x 1 [0,5] x=x+1‘
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Widening with Thresholds

1. Compute output by joining inputs:
[0,0] L [1,6] = [0,6]

l X :[—o00,00]
| x=0 |
x :[0,10] x : [0,0]
|
x:[1.6] / \ x+10.10]
| x1=10 [ [x==10|

x 1 [0,5] x=x+1‘
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Widening with Thresholds

2.Given T = {5,10}, use 10 as threshold
when applying widening:

[0,5] v [0,6] = [0,10] l x: [—o00, 0]
‘ x=0 ‘
x : [0,10] x  [0,0]
|
e / \ x : [0,10]
| x1=10 | | x==10|

x 1 [0,5] x=x+1‘
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Widening with Thresholds

3. Check if fixed point is reached:

[0,5] 2 [0,10]
l X :[—o00,00]
| x=0 |
x : [0,10] x : [0,0]
|
x:[1.6] / \ x+10.10]
| x1=10 [ [x==10|

x :[0,5] x=x+1‘
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Widening with Thresholds

l X :[—o00,00]
| x=0 |
x : [0,10] x : [0,0]
|
x:[1.6] / \ x+10.10]
| x1=10 [ [x==10|

x 1 [0,9] x=x+1‘
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Widening with Thresholds

l X :[—o0,00]
‘ x=0 ‘
x :[0,10] x: [0.0]
|
x:[1,10] ‘///' \\\\ x : [0,10]
| x1=10 | | x==10|

x:[0.9] x=x+1‘
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Widening with Thresholds

1. Compute output by joining inputs:
(0,0]u[1,10] =10,10]

l X :[—o00, 0]
‘ x=0 ‘
x :[0,10] x: [0.0]
|
x:[1,10] / \ x : [0,10]
| x1=10 | | x==10|

x 1 [0,9] x=x+1‘
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Widening with Thresholds

2. Apply widening:
[0,10] v [0,10] = [0,10]

l X :[—o0,00]
‘ x=0 ‘
x :[0,10] x: [0.0]
|
x:[1,10] / \ x : [0,10]
| x1=10 | | x==10|

x 1 [0,9] x=x+1‘
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Widening with Thresholds

3. Check if fixed point is reached:

[0,10] 3 [0,10]
l X :|[—o00,00]
‘ x=0 ‘
x : [0,10] x: [0.0]
|
x:[1,10] / \ x : [0,10]
| x1=10 | | x==10|

x :[0,9] x=x+1‘
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Widening with Thresholds

l X :[—o0,00]
‘ x=0 ‘
x :[0,10] x: [0.0]
|
x:[1,10] ‘///' \\\\ x : [0,10]
| x1=10 | [ x==10|

x:[0.9] x=x+1‘
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Widening with Thresholds

e AthresholdsetT C Z is given.

VT 2=1Z
NV rl=2

glb(T,n) =max{teT|t<n}
lub(T,n) =min{te T |t>n}
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Exercise (3)

Describe the result of the interval analysis l
with widening and narrowing

// a >= 0, b > 0
aqa = 0;
r = a;
while (r >= b) {
r = r - b;
qg =9+ 1;

}
assert (g >= 0);
assert(r >= 0);




