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Programs

Language:

lv → x | ∗x
e → n | lv | &lv | e1 + e2 | e1 ⋆ e2 | e1 − e2
b → true | false | e1 = e2 | e1 ≤ e2 | ¬b | b1 ∧ b2
c → lv := e | lv := alloc | skip | c1; c2 | if b c1 c2 | while b c

Assume programs are represented by control flow graphs. Let (N,→) be a
control-flow graph and cmd(n) be the command associated with node n:

lv := e | lv := alloc | assume(b)
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Examples

x = 1;

p = &x;

*p = *p + 1

p = alloc;

q = &p;

**q = 1

x = 1;

while (x < 10) {

p = alloc;

*p = *p + x;

x = x + 1

}

if (...) { p = alloc; *p = 1; }

else { p = alloc; *p = 2; }

*p = 3
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Concrete Semantics

Mem = Loc → Val
Loc = Var + HeapAddr
Val = Int + Loc

[[lv ]] : Mem → Loc:
[[x]](m) = x

[[∗x]](m) = m(x)

[[e]] : Mem → Val :

[[n]](m) = n
[[lv ]](m) = m([[lv ]](m))

[[&lv ]](m) = [[lv ]](m)
[[e1 + e2]](m) = [[e1]](m) +Int [[e2]](m)

Hakjoo Oh AAA616 2024 Fall, Lecture 8 October 17, 2024 4 / 8



[[b]] : Mem → Bool :

[[true]](m) = true
[[false]](m) = false

[[e1 = e2]](m) = [[e1]](m) =Int [[e2]](m)
[[e1 ≤ e2]](m) = [[e1]](m) ≤Int [[e2]](m)

[[¬b]](m) = ¬[[b]](m)
[[b1 ∧ b2]](m) = [[b1]](m) ∧ [[b2]](m)

fn : ℘(Mem)→ ℘(Mem):

fn(M) = {m[[[lv ]](m) 7→ [[e]](m)] | m ∈M} · · · cmd(n) = lv := e
fn(M) = {m[[[lv ]](m) 7→ l, l 7→ 0] | m ∈M} · · · cmd(n) = lv := alloc,

l is new
fn(M) = {m ∈M | [[b]](m) = true} · · · cmd(n) = assume(b)

F : (N → ℘(Mem))→ (N → ℘(Mem)):

F (X) = λn. fn

( ⋃
n′→n

X(n′)
)

Collecting semantics:
fixF ∈ N → ℘(Mem)
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Abstract Domain

Mem = Loc → Val
Loc = Var + HeapAddr
Val = Int + Loc

M̂em = L̂oc → V̂al

L̂oc = Var + AllocSite

V̂al = Interval × ℘(L̂oc)

℘(HeapAddr) −−−−−−−→←−−−−−−−
αHeapAddr

γHeapAddr

℘(AllocSite)

αHeapAddr(H) = {allocsite(h) | h ∈ H}

℘(Loc) −−−−→←−−−−
αLoc

γLoc
℘(L̂oc)

αLoc(L) = {x | x ∈ L} ⊎ αHeapAddr({h | h ∈ L})

℘(Int) −−−−→←−−−−
αInt

γInt
Interval

℘(Val) −−−−→←−−−−
αVal

γVal
V̂al

αVal(V ) = ⟨αInt({z | z ∈ V }), αLoc({l | l ∈ V })⟩

℘(Mem) −−−−−→←−−−−−
αMem

γMem
M̂em

αMem(M) = λl.

{ ⊔
{m(l) | m ∈M} · · · l ∈ Var⊔
{m(a) | m ∈M,a ∈ γHeapAddr(l)} · · · l ∈ AllocSite

N → ℘(Mem) −−→←−−α
γ

N → M̂em : α(X) = λn.αMem(X(n))
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Abstract Semantics

[[lv ]] : M̂em → ℘(Loc)

[[x]](m) = {x}
[[∗x]](m) = m(x).2

[[e]] : M̂em → Val

[[n]](m) = ⟨[n, n], ∅⟩
[[lv ]](m) =

⊔
l∈[[lv]](m) m(l)

[[&lv ]](m) = ⟨⊥, [[lv ]](m)⟩
[[e1 + e2]](m) = [[e1]](m) +̂ [[e2]](m)

[[b]] : M̂em → Bool

[[true]](m) = true
[[false]](m) = false

[[e1 = e2]](m) = [[e1]](m) =̂ [[e2]](m)

[[e1 ≤ e2]](m) = [[e1]](m) ≤̂ [[e2]](m)
[[¬b]](m) = ¬[[b]](m)

[[b1 ∧ b2]](m) = [[b1]](m) ∧ [[b2]](m)
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f̂n : M̂em → M̂em :

f̂n(m) = m[x 7→ [[e]](m)] · · · cmd(n) = x := e

f̂n(m) = m[x 7→ [[e]](m)] · · · cmd(n) = lv := e,
[[lv ]](m) = {x}

f̂n(m) =
⊔

l∈[[lv]](m) m[l 7→ m(l) ⊔ [[e]](m)] · · · cmd(n) = lv := e

f̂n(m) = m[x 7→ (⊥, {n}), n 7→ ([0, 0], ∅)] · · · cmd(n) = x := alloc

f̂n(m) = m[x 7→ (⊥, {n}), n 7→ ([0, 0], ∅)] · · · cmd(n) = lv := alloc,
[[lv ]](m) = {x}

f̂n(m) =
⊔

l∈[[lv]](m) m
′[l 7→ m(l) ⊔ (⊥, {n})] · · · cmd(n) = lv := alloc

m′ = m[n 7→ ([0, 0], ∅)]
f̂n(m) =

⊔
{m′ ⊑ m | true ⊑ [[b]](m′)} · · · cmd(n) = assume(b)

F̂ : (N → M̂em)→ (N → M̂em):

F̂ (X) = λn. f̂n

( ⊔
n′→n

X(n′)
)

Abstract semantics: ⊔
i≥0

F̂ i(⊥) ∈ N → M̂em
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