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Lecture 5 — Axiomatic Semantics (Hoare Logic)
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Review: IMP

n, m will range over numerals, N

t will range over truth values, T= { true, false }
X, Y will range over locations, Loc

a will range over arithmetic expressions, Aexp

b will range over boolean expressions, Bexp

c will range over statements, Com

a 2= n|X|ay+ai|agxai|ap— a1
true|false|a0:a1|a0§a1|—|b|b0/\b1|bovb1
2= X :=a|skip| cojc1 | if b then ¢g else ¢1 | while bdo ¢

(=)
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Review: States

@ The meaning of a program depends on the values bound to the
locations that occur in the program, e.g., X + 3.

@ A state is a function from locations to values:
og,s € X =Loc - N

@ Let o be a state. Let m € N. Let X € Loc. We write o[m/X] (or
o[X — m)]) for the state obtained from o by replacing its contents
in X by m, ie.,

m ifY =X

om/X|(Y) = o[X — m| = { oY) fY #X

o3, =X U{l}
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Review: Denotational Semantics

Ala]

Aln](s)
Alx](s)

Alai + az2](s)
Alai x a2](s)
Alas — az](s)
B[b]
B[true](s)
B[false](s)
Bla1 = az](s)
Blax < az](s)
B[-b](s)

Bﬂbl A bz]](s)
B[b1 V b2](s)

>N

s(x)

Alai](s) + Alaz](s)
Alai](s) x Alaz](s)
Alai](s) — Alaz](s)

X—-»T

true

false

Ala1](s) = Alaz](s)
Alai](s) < Alaz](s)
B[b](s) = false
B[b1](s) A B[b2](s)
B[b1](s) v B[b2](s)
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Review: Denotational Semantics

Cle]
Clx := a](s)

C[skip]
Clea; c2]

Cl[if b C1 Cz]]
C[while b ]

where

cond(f,g,h) = As.{ 9(s)

X=X
s[z — Ala](s)]

id
Clez] o Clea]

cond(B[b], C[c1], Clecz])
fiz F

.-+ f(s) = true
h(s) ---f(s) = false

F(g) = cond(B[b], g o C[c], id)
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cf) Relational Denotational Semantics

Cle] : ¥ %2
Cle:=a] = {(s,s[x+— A[a](s)]) | s € X}
Clskip] = {(s,s)|s € X}
Clcisc2] = Clez2] oCled]
Cl[if ber c2] = {(s,s) | B[b](s) = true, (s,s’) € C[c1]}cup

{(s,8") | B[b](s) = false, (s, ") € Clca]}
C[while bc] = fizF

where

F(g) = {(s,8) | BIbI(s) = true, (s, s') € g o Cc]}U
{(s,5) | B[bl(s) = false}
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Hoare Logic

@ A formal proof system for proving properties of programs.

@ Partial correctness assertions:

{A}e{B}

“For all states o which satisfy A, if the execution ¢ from o
terminates in state o’ then o’ satisfies B"

o Examples:
» Sum of the first hundred numbers:

{S=0AN=1}
while (N #101)do S:=S+ N;N:=N+1
{§= Zl§m§100 m}

» Non-terminating program:

{true}while true do skip{false}
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The Assertion Language Assn

n will range over numerals, N

X will range over locations, Loc

2 will range over integer variables, Intvar

a will range over arithmetic expressions, Aexpv

]
I

n|X|it|lap+ai|aoxai|ap— a1
A = true | false|ap=a1|ap < ay|
—|A|A0/\A1|AOVA1|A0:>A1|V’LA|3’I,A
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Semantics of Assn

@ Interpretation I : Intvar — N

@ Semantics of expressions:

Av[n]le = n
Av[X]Ie = o(X)
Av[i]lleo = I(3)
Av[ao + a1]lec = Avfag]lo + Av[ai]lo

@ Semantics of assertions (o =1 A means o satisfies A in interpretation I):

o = true

o = ap = a; if Av[ag]lo = Av[as]lo
ocETAANBifo T Aando =!I B
ocElA= Bifoltl Aoro =1 B

o = Vi.Aif o =17/ A for all n

o =! 3i.A if o =1"/4 A for some n
1ETA

@ An assertion denotes a set of states:

Al ={ocex, |o " A}
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Properties
o For all a € Aexp, states o, and interpretations I,
Ala]oc = Av[a]lo
@ For b € Bexp,o € X,

B[bjo =true <= o E!'b
B[b]o = false <= o ¥E'b

for any interpretation I.

@ For a € Aexpv,

Avl[a]I[n/iloc = Av[a[n/i]]lo
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Partial Correctness Assertions

@ A partial correctness assertion has the form

{A}c{B}
where A, B € Assn and ¢ € Com.

@ Let I be an interpretation. Let o € X | . We define the satisfaction
relation between states and partial correctness assertions, with respect
to I, by

o= {A}e{B}iffo = A= C[c]o =' B

@ A partial correctness assertion {A}c{B} is valid

F {A}c{B}
if o =1 {A}c{B} holds for all states & € X and interpretations
I € Intvar — N.
@ An assertion A is valid
= A
iff for all interpretations I and states o, o |=I A.
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Example
Suppose = (A = B). Then for any interpretation I,
Vo € 2. ((c ! A) = (¢ E! B))

ie., Al C BT

ok

So = (A = B) iff for all interpretations I, all states which satisfy A
also satisfy B.

2L
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Over-Approximation of Program Semantics

Suppose = {A}c{B}. Then for any interpretation I and state o
o=l A=Clo ' B
i.e., the image of A under C[c] is included in B:

Cl[c]Af C BY

()

S

@ B: correctness specification (“no errors”)

@ A: a sufficient condition to ensure B after execution
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Proof Rules (Hoare Logic)

We write - {A}c{B} when {A}c{B} is derivable by the following rules.
@ Rule for skip:
{A}skip{A}
@ Rule for assignment:
{Bla/X]}X := a{B}

@ Rule for sequencing:
{A}co{C} {C}c:{B}
{A}co; c1{B}
@ Rule for conditionals:
{A A b}eo{B} {AA -b}ei{B}
{A}if b then cg else c1{B}
@ Rule for while loops:

{A NDb}e{A}
{A}vhile b do c{A N —b}

@ Rule of consequence:
F(A=A) {A'}e{B'} [ (B'= B)
{A}e{B}
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Examples

{true} X := n{X =n}

{true}X :=n{X =n} {X=n}Y :=1{X=nAY =1}
{true}X :=n;Y :=1{X =nAY =1}

E(X=1)=true {true}X :=n{zx=n} E(X=n)=(X<n)
{X =1}X :=n{X <n}

E (X >0) = true {true}Y :=1{Y >0} = (X <0) = true {true}Y := 2{Y > 0]
{X > 0}Y :=1{Y > 0} {X <0}Y :=2{Y > 0}
{true}if (X > 0) then Y := 1 else Y := 2{Y > 0}
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Example: Factorial

{n > 0Ax =nAy = 1}while (x > 0) (y:=xXy;z:=x—1){y = n!}
Let w = while (x > 0) (y:=x X y;x :=x — 1).
@ Take a loop invariant
p=(yxz!=n!Ax>0)
@ Show that p is indeed a loop invariant:

{pAz>0}y:=zxy{q} {q}z:==—1{p}
{pAx>0}y:=x xy;z:=x— 1{p}

whereg=(y X (z—1)! =n!Ax >1).

© By the Hoare rule,
{r}w{p Az < 0}

© Show that
mM>0Nz=nAy=1)=p and pAxz<0=y=n!
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Example: Multiplication

{r=0Ay =b}while (y#0) (zx:=xz+a;y:=y—1){xr =a X b}
Let w be the loop.

@ Take a loop invariant
p=(x=(b-y) Xa)
@ Show that p is indeed a loop invariant:

{pANy #0}x:=z+ 1{q} {q}y:=y—1{p}
{pAy #0}z:=x+ 1;y:=y— 1{p}
whereg = (x=(b—y+1) X a).

© By the Hoare rule,
{r}w{p Ay =0}
© Show that

(x=0Ay=b)=p and pAy=0=>x=axb
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Soundness and Completeness

@ Soundness: Every partial correctness assertion obtained from the
proof system of Hoare rules is valid.

F{A}e{B} = = {A}e{B}

@ Completeness: All valid partial correctness assertions can be obtained
from the proof system.

= {A}e{B} =+ {A}e{B}
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Soundness Proof

Lemma (1)
Let a,aq9 € Aexpv and X € Loc. Then for all I and o

Avfagla/X]]Io = Av]ao]lo[Av[a]lo/X]

E.g., whenag =X +1,a=Y,0(Y) =2
Av[Y 4+ 1)1 = 3 = Av[X + 1]I0[2/X]

Lemma (2)

Let I be an interpretation. Let B € Assn, X € Loc, and a € Aexp. Then for

all o
o =! Bla/X] <= o[A[a]o/X] ' B

E.g,whena=1,B =X <2
cE'1<2 < o1/X|ET X <2
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We prove each rule is sound; each rule preserves validity.
@ Skip: Clearly = {A}skip{A}.

@ Assignment: Let I be an interpretation.
o =! Bla/X] = o[Ala]o/X] =! B Lemma (2)
= C[X :=a]o =' B def. of C[—]
Hence = {Bla/X]}X := a{B}.

@ Sequencing: Assume |= {A}co{C} and = {C}ci1{B}. Let I be an
interpretation and o a state.

o=l A= Cle]o = C = {A}co{C}
= Clei](Cleo]o) ' B F {C}a{B}
= Clco;c1]o = B def. of C[—]

Hence = {A}co;c1{B}.
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e Conditionals: Assume = {A A b}co{B} and = {A A =b}c1{B}.
» o =L b
o' AANb = Cleo]o B B = {A A b}eo{B}
= Clifbeco ci]o = B def. of C[—]
Hence = {A A b}if b ¢y c1{B}. Thus, = {A}if b co c1{B}.
» o =1 —b:
o= AN-b=Clei]o ' B = {A A -b}e1 {B}
= C[if bco c1]o =' B def. of C[—]
Hence = {A A —b}if b co c1{B}. Thus, = {A}if b co c1{B}.
o Consequence: Assume = A = A’, = {A’}e{B’}, = B’ = B.

o=l A= o=t A EA= A
= C[c]o =! B’ = {A}e{B'}
= C[c]o =' B =B = B

Hence = {A}c{B}.
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@ Loops: Assume = {A A b}c{A}, i.e,, Ais an invariant of

w = while bdo c

Recall that Clw] = U,,¢,, On Where
6 = 0
0n+t1 {(o,0") | B[b]o = true & (o,0’) € 6, 0 C[c]}

G {(o,0) | B[b]o = false}
We show by mathematical induction that P(n) holds for all n € w:
P(n) <= Vo,0'.(c,0') €0, & o=l A=0o' =T AN-b
It then follows that

o= A= Clw]o =T AA-b
for all states o, and hence we have = {A}w{A A —b}.
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Weakest Precondition

o Let ¢ € Com and B € Assn. The weakest (liberal) precondition
wp!(c, B) of Bw.rt. cin I:

wp!(c, B) = {o € =1 | C[c]o ! B}

o If =1 {A}c{B} then Al C wp!(c, B).
@ Suppose there is an assertion Ag such that in all interpretations I,

Al = wp’(c, B)

Then
= {A}e{B} = ' (A= A)

for any interpretation I, i.e.,

= {A}c{B} <= E (A= Ay)
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Weakest Precondition

@ We say Assn is expressive iff for every command ¢ and assertion B
there is an assertion Ag such that A(I) = wp!(c, B) for any
interpretation I.

@ Assn is expressive. For all assertions B there is an assertion w(c, B)
such that for all interpretations I

wpI(C’ B) = w(c, B)I

for all command. (Proof defines wp in terms of Assn).
@ Note that
o = w(c,B) <= C[c]Jo &' B
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