AAA616: Program Analysis

Lecture 1 — Basic Math Notations
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Reference

@ Chapter 1 of “The formal semantics of programming languages”.
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Logical Notation

For statements A and B,
o A & B: A and B, the conjunction of A and B
e A —> B: A implies B, if A then B
e A <= B: A iff B, the logical equivalence of A and B
@ "A:not A
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Logical Notation

Logical quantifiers 3 and V:
e Jx. P(x): for some x, P(x)
e Vx. P(x): for all , P(x)
@ Abbreviations:
» 3x,y,...,2. P(x,y,...,2) = JzJy...3z. P(x,y,...,2)
» Ve,y,...,z. P(x,y,...,2) =VaVy...Vz. P(x,y,...,2)
» Ve € X. P(x) =Ve. 2 € X — P(x)
» Jx € X. P(z)=3Jz. z € X & P(x)
Az, P(z) = (Fz. P(x)) & (Vy, 2. P(y) & P(z) — y = 2)

v
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Sets

@ A set is a collection of objects (also called elements or members)
@ a € X: ais an element of the set X

@ Aset X isasubsetof aset Y, X CY, iff every element of X is an
element of Y:

XCY < Vze X.zcY.

@ Sets X and Y areequal, X =Y,iff X CY and Y C X.
@ (: empty set

@ w: the set of natural numbers 0,1, 2,...
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Constructions on Sets
e Comprehension: If X is a set and P(x) is a property, the set
{z e X | P(x)}

denotes the subset of X consisting of all elements & of X which
satisfy P(x).

@ Powerset: the set of all subsets of a set:
P(X)={Y |Y C X}.

@ Indexed sets: Suppose I is a set and that for any ¢ € I there is a
unique object x;. Then

{z: | i €I}

is a set. The elements x; is indexed by the elements ¢ € I.
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Constructions on Sets

@ Union and intersection:

XUY = {ala€eXoracY}
XNY = {a|laeX &acY}

@ Big union and intersection: When X is a set of sets,

UX = {a|3FzeX. a€x}
NX = {a|VreX.acx}

When X = {x; | © € I} for some index set I,

U= Ux

i€l

(zi=X

el
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Constructions on Sets
@ Disjoint union:
XWY ={0} x X)U ({1} xY).
@ Product: For sets X and Y, their product is the set
XXY ={(a,b) |lae X &be Y}
In general,
XixXoX-- XXy, = {(x1,%2,...,2n) | Vi € [1,n]. x; € X;}.
o Set difference:

X\Y={z|lzeX&zgY}
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Relations and Functions

o A binary relation R between X and Y is an element of P(X X Y)),
ReP(XXY),orRCX XY.

@ When R is a binary relation R C X C Y, we write xRy for
(z,y) € R

@ A partial function f from X to Y is a relation f C X X Y such that

Vo, y,y. (z,y) Ef & (zy)€f = y=1v'
@ We use the notation f(x) = y when there is y such that (z,y) € f

and say f(x) is defined, and otherwise f(x) is undefined.

@ A total function from X to Y is a partial function such that f(x) is
defined for all x € X.

e (X — Y): the set of all partial functions from X to Y’
@ (X — Y): the set of all total functions from X to Y

@ A\z. e: the lambda notation for functions
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Relations and Functions

@ Composition: When R C X XY and S CY X Z are binary
relations, their composition is a relation of type X X Z defined as,

SoR={(z,2) X xZ|Jy €Y. (z,y) € R& (y,2) € S}

o Idx = {(xz,xz) |z € X}
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Relations and Functions

@ An equivalence relation on X is a relation R C X X X which is
» reflexive: Ve € X. xRz,
» symmetric: Ve,y € X. xRy —> yRx, and
> transitive: Va,y,z € X. xRy & yRz —> xR-=z.

Example: = on numbers, the relation “has the same age” on people

We sometime write x = y (mod R) for (z,y) € R.

The equivalence class of & under R, denoted {z}r or [z]R:

[z]r = {y € X | zRy}.

Quotient set: the set of all equivalence classes of X by R:

X/R={[z]r | x € X}.

For any equivalence relation R, X/R is a partition of X.
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Relations and Functions

@ Let R be a relation on a set X. Define R® = Idx, and R = R,
and
R"t1 = Ro R".

@ The transitive closure of R:

Rt = U Rt

new

@ The reflexive transitive closure of R:

R*=|J R"=1Idx UR".

new
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Sequences

o Given a set S, ST denotes the set of all finite nonempty sequences of
elements of S

@ When o is a finite sequence, o denotes the (k 4 1)th element of
the sequence, g the first element, and o .

@ Given a sequence 0 € ST and an element s € S, o - s denotes a
sequence obtained by appending s to o.
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