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Problem 2 Using Z3, let us implement a synthesizer that learns boolean functions from input-
output examples. Consider boolean functions of the following DNF(Disjunctive Normal Form)

form:
M
f($171172a---a50N) = \//\lij
iog

where N is the number of arguments, M is the number of terms (connected by A), and l;; denotes
literals (x or —x). For example, the XOR function

x1 wy | fz1,20)
0

—= = O O
= O = O

1
1
0
can be expressed as follows:

f(x1,20) = (m21 Aw2) V (11 A —22)

Write a program that synthesizes the most general boolean function that satisfies given input-output
examples.

Examples

1. The example above (the XOR function) can be specified by the following text file:

2

2
--positive--
01

10
--negative--
11

00

The top number indicates N and the second line indicates the number of postive/negative
examples. For simplicity, assume the numbers of positive/nagative examples are the same.
Beyond --positive-- are positive examples that make the function evaluate to 1. Beyond
--negative-- are negative examples on which the function evaluates to 0. Given these ex-
amples, the goal is to synthesize a boolean function that satisfies them:

fQX) = ('x1 /\ x2) \/ (x1 /\ !x2)
2. The specification for the AND function:

2

3
--positive--
11

11

11
--negative--
01

10

00



The expected output of the synthesizer:
£(X) = (x1 /\ x2)

The systhesis result should be the most general one, where “most general” means that the
synthesized function has a minimal number of terms. For example, the following is not the
expected result (even though it satisfies the examples):

f(X) = (x1 /\ x2) \/ (x1 /\ !x1)
. Given the specification

3

4
--positive--
000

010

100

110
--negative—-
001

011

101

111

the synthesizer needs to output the following:
f(X) = (1x3)
. The specification:

4

8
-—positive—-
0001

0011

0101

1001

1011

1101

1110

1111
--negative--
0000

0010

0100

0110

0111

1000

1010

1100

The result:

£(X) = (1x3 /\ x4) \/ (x1 /\ x2 /\ x3) \/ (!'x2 /\ x4)



5. The specification:

20

16

--positive--
11001001000011111101
10101010001000100001
01101000110000100011
01001100010011000110
01100010100010111000
00001101110000011100
11010001001010010000
00100100111000001000
10001010011001111100
11000111010000000010
00001011101111101010
01100011101100010011
10011011001000100101
00010100101000001000
01111001100011100011
01000000010011011101
--negative--
10101101111110000101
01000101100010100010
10111011010010101001
10101010111111011100
01010110001000000010
01110011110100111100
11110001110110001011
10011100010110000011
11001110001011010011
01101001010110101001
11100001001101100100
00010001010001100100
00110011111110111100
11001001001110011101
11001110001001001001
10110011111011111001

The result:
£(X) = ('x4 /\ x10 /\ 'x12) \/ (!x6 /\ 'x10 /\ !'x12) \/ ('x1 /\ x9 /\ x11 /\ 'x18)

SAT Encoding Let p;; and g;; (1 <i < M,1 < j < N) be boolean variables defined as follows:
pij <= term i contains x;, qij <= term i contains —x;

Let P be the number of positive (or negative) examples. Define variables zj, (1 <i< M,1 <k <
P):
Zix <= term i evaluates to true when the k™ positive example is given

Let us express the conditions that the variables introduced so far must satisfy. Suppose the first
input-output example is f(1,1,0,0,...,1) = 1. This specification is translated into:

1. 211 V291 V-V 2y



2. (mzin Vogin) A (mzin Vgio) A (mza V pig) A(mza V opia) A - A(mzin Vogin) for 1 <i <M

Suppose input-output examples include f(1,0,1,0,...,1) = 0. This negative example can be trans-
lated into:

M

/\(%‘1 VpizV @iz Vpia VeV EGn)

i=1



