AAA528: Computational Logic

Lecture 8 — Decision Procedures for Theory of Equality

Hakjoo Oh
2018 Fall

Hakjoo Oh AAA528 2018 Fall, Lecture 8 November 18, 2018 1/14



Goal

Decision procedures for deciding satisfiability in theory of equality.
e quantifier-free fragment (otherwise, undecidable)
@ conjunctions of literals (no disjunctions)

@ no predicate symbols
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Theory of Equality (with Uninterpreted Functions)

The theory of equality TE is the simplest and most widely-used first-order
theory. Its signature

2E : {:’G’?b’c?'“9f7g7h""’p7qﬂr7“‘}
consists of
e = (equality), a binary predicate;
@ and all constant, function, and predicate symbols.

Equality = is an interpreted predicate symbol; its meaning will be defined

via the axioms. The others are uninterpreted since functions, predicates,
and constants are left unspecified.
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Theory of Equality (with Uninterpreted Functions)

The axioms of Tg:
Q Reflexivity: V. x = x
Q@ Symmetry: Ve, y. x =y — y==<
© Transitivity: Ve, y,z. c =yAy=2z — =2
@ Function congruence (consistency): for each positive integer n and
n-ary function symbol f,

Vi, g (N @ = ) — £(@) = £@).
1=1

© Predicate congruence (consistency): for each positive integer n and
n-ary predicate symbol p,

VZ,§. (N zi = yi) = (p(&) + p(F))-
=1
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Examples

Decide satisfiability of formulas:
°o flm)=f(y) Nz #y
oz =yA f(z) # f(y)
o f(f(f(a))) =anf(f(f(f(f(a))))) =aAf(a)#a
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Eliminating Predicates

@ Simple reduction of formulas with uninterpreted predicates to
equisatisfiable formulas without predicates other than =.

o For example, the formulas
r =y — (p(z) < p(y))
is transformed into
v =y — ((fp(z) = o) < (fp(y) = o))

where @ is a fresh constant and f}, is a fresh function.
@ Exercise:
p(z) A q(z,y) A q(y, z) = —q(z, z)
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Congruence Relations

@ A binary relation R over a set S is an equivalence relation if it is
> reflexive: Vs € S. sRs
> symmetric: Vs1,82 € S. s1Rss — saRsy
> transitive: Vsy, 82,83 € S. s1Rsas A sgRs3 — s1Rs3
@ A binary relation R over set S equipped with functions
F = {f1,..., fn} is a congruence relation if it equivalence relation
and obeys congruence: for every n-ary function f € F,

Vst ( )\ siRt:) — f(BRF ()

=1
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Examples

@ Which of these are equivalence relations?
> =, over Z
» > over N
» R(x,y) defined as || = |y| over R

@ Which of these are congruence relations?

» = over N equipped with successor function
» =, over N equipped with successor function
» R(x,y) defined as || = |y| over R equipped with successor function
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Classes and Partitions

@ For an equivalence relation R over a set S, the equivalence class of
s € S under R is defined as follows:

[slr = {s’ € S| sRs'}

e If R is a congruence relation, [s]g is the congruence class of s.
@ What is the equivalence class of 3 under =57

o A partition P of S is a set of subsets of S such that (Jg/cp S’ = S
(total) and VS1,S2 € P. S1 # S2 — S1 N Sz = 0 (disjoint).

@ The quotient S/R of S by the equivalence (congruence) relation R
is a partition of S: it is a set of equivalence (congruence) classes

S/R={[s]r | s € S}

e What is Z/ =37
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Equivalence / Congruence Closure

@ The equivalence closure RF of the binary relation R over S is the
equivalence relation such that

» RC RF
» for all other equivalence relation R’ such that R C R’, RF C R’
That is, RF is the smallest equivalence relation that includes R.

e What is the equivalence closure of R = {(a, b), (b, c), (d,d)} over
S ={a,b,c,d}?
@ The congruence closure RC of the binary relation R over S is the
congruence relation such that
» RC R°
» for all other congruence relation R’ such that R C R, R® C R’
e What is the congruence closure of R = {(a, b)} over S = {a, b, c}
equipped with function f such that f(a) = b, f(b) = ¢, f(c) = ¢?
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Satisfiability in terms of Congruence Closure

@ The subterm set Sg of formula F is the set that contains the
subterms of F'.

e What is S for F : f(a,b) = a A f(f(a,b),b) # a?
o We define satisfiability of F' in terms of congruence closure over Sp.
@ The formula F

F:Sl:tl/\"'ASm:thSm+1;étm+1/\"'/\8n7étn

is satisfiable iff the congruence closure ~ of Ry satisfies s; »¢ t; for
each i € [m + 1,n], where Rp = {(s:,t;) | 1 < i < m}.
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Congruence Closure Algorithm

To decide the satisfiability of F’
F:s1 =1 AN+ ANSpn=1%tm N Sm+1 #tm+1/\"'/\3n;étn

perform the following steps:

@ Construct the congruence closure ~ of
Rr = {s1 = t1,...,8m = t;n} over the subterm set Sp.

Q Ifs;~t;foranyi € {m+1,...,n}, F is unsatisfiable.
© Otherwise, F is satisfiable.
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Computing Congruence Closure

Constructing the congruence closure ~ of
Rp = {s1 = t1,...,8m = t,} over the subterm set S is done as
follows:
@ Initially, begin with the finest congruence relation ~q given by the
partition:

{{s} | s € Sr}

in which each term of SF is its own congruence class.
e Foreachi € {1,...,m}, impose s; = t; by merging the
congruence classes
[si]'\'i—1 and [ti]Ni—l
to form a new congruence relation ~;. To accomplish this merging,

first form the union of them and then propagate any new congruences
that arise within this union.
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Examples

° f(awb):a/\f(f(a',b)’b)?éa
o f(f(f(a))) =anf(f(f(f(f(a))))) =aAf(a)#a
°o flm)=fy) Nz #y
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