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4.3 Programming Techniques for Turing Machines

Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

We can easily design a machine, if we extend the original model of Turing machine slightly. We
extend the Turing machine so that its control unit has an additional, finite amount of storage.
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and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

25

4.3 Programming Techniques for Turing Machines

Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0
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– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)
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Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

… B 1 0 0 0 B B B …
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f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.
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Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)
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Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B
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q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)
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Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)
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4.3 Programming Techniques for Turing Machines

Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

… B 1 0 0 0 B B B …
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Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

Example 33. Design a Turing machine that accepts L = {wcw | w 2 {0, 1}+}.
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�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)
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4.3 Programming Techniques for Turing Machines

Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.
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q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

Example 33. Design a Turing machine that accepts L = {wcw | w 2 {0, 1}+}.

M = (Q,⌃,�, �, (q1, B), (B,B), {q9, B})

– {q1, q2, . . . , q9}⇥ {0, 1, B}
– � = {B, ⇤}⇥ {0, 1, c, B}
– ⌃ = {(B, 0), (B, 1), (B, c)}
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Example 31 (Proper Subtraction). Design a Turing machine that computes f(m,n).

f(m,n) = max(m� n, 0) = if m � n then m� n else 0

M = ({q0, q1, . . . , q6}, {0, 1}, {0, 1, B}, �, q0, B, {q6})

Note that we have omitted the final states. The machine starts with 1m01n and halts with
1max(m�n,0) on its tape.

0 1 B

q0 (q1, B,R) (q5, B,R)
q1 (q1, 0, R) (q2, 1, R)
q2 (q3, 1, L) (q2, 1, R) (q4, B, L)
q3 (q3, 0, L) (q3, 1, L) (q0, B,R)
q4 (q4, 0, L) (q4, B, L) (q6, 0, R)
q5 (q5, B,R) (q5, B,R) (q6, B,R)
q6

Principles (how it works):

– M repeats the following steps:
1. M finds the leftmost remaining 0 and replaces it by a blank.
2. It then searches right, looking for 1.
3. After finding 1, it continues right, until it comes to a 0, and replaces it by 1.
4. M then returns left, seeking the leftmost 0, which it identifies when it first meets a blank

and then moves one cell to the right. Now, M goes to the beginning of the cycle.
– This repetition ends if either:

1. Searching right for a 0, M encounters a blank (instead of 0). This means that the n 0’s
in the right group of 0’s have all been changed to 1’s, and the first n + 1 0’s have been
changed to B. At this point, how many 0’s are on the tape? Since n+ 1 0’s among m are
changed to B, there are m� (n+1) = m�n� 1 0’s on the tape. So, the machine replaces
n+ 1 1’s by one 0 and n B’s. Therefore, m� n 0’s are on the tape.

2. Beginning the cycle, M cannot find a 0. This means that the first group of 0’s have been
changed to B. This again means that n � m, so m n = 0. M replaces all remaining 1’s
and 0’s by B and ends with a completely blank tape.

Example 32. Design a Turing machine that accepts 01⇤ + 10⇤.

M = ({q0, q1}⇥ {0, 1, B}, {0, 1}, {0, 1, B}, �, (q0, B), B, {(q1, B)})

To simplify the design, we use a trick here. We define the state of the Turing machine as the
cartesian product of the ordinary states and tape symbols. Initial state is (q0, B) and (q1, B) is
the final state. Then, the transition function is defined very simply as follows:

1. �((q0, B), a) = ((q1, a), a, R) for a = 0 or a = 1
2. �((q1, a), ā) = ((q1, a), ā, R)
3. �((q1, a), B) = ((q1, B), B,R)

Example 33. Design a Turing machine that accepts L = {wcw | w 2 {0, 1}+}.

M = (Q,⌃,�, �, (q1, B), (B,B), {q9, B})

– {q1, q2, . . . , q9}⇥ {0, 1, B}
– � = {B, ⇤}⇥ {0, 1, c, B}
– ⌃ = {(B, 0), (B, 1), (B, c)}



… B B B B B B B B …

q1

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * B B B B B B …

q2

0

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

In q2, moves right, looking for c



… B * B B B B B B …

q2

0

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

When found, 
- enter q3
- continue right



… B * B B B B B B …

q3

0

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

In q3, 
look for the first 
unchecked symbol



… B * B B * B B B …

q4

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- In q4, move left until it finds c
- When found, enter q5



… B * B B * B B B …

q5

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- If there is some unchecked 
symbol, enter q6



… B * B B * B B B …

q6

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- In q6, move left and look for 
the first unchecked symbol



… B * B B * B B B …

q1

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- Repeat the cycle 



… B * * B * B B B …

q2

1

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * B B B …

q3

1

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * B B B …

q3

1

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * * B B …

q4

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * * B B …

q4

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * * B B …

q5

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- If every symbols are checked, 
move right and enter q7



… B * * B * * B B …

q7

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- If c is found, enter q8



… B * * B * * B B …

q8

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)

- move right until it finds B



… B * * B * * B B …

q8

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * * B B …

q8

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)



… B * * B * * B B …

q9

B

… B 0 1 c 0 1 B B …

26

�((q1, B), (B, a)) = ((q2, a), (⇤, a), R) �((q5, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, b)) = ((q2, a), (B, b), R) �((q6, B), (B, a)) = ((q6, B), (B, a), L)
�((q2, a), (B, c)) = ((q3, a), (B, c), R) �((q6, B), (⇤, a)) = ((q1, B), (⇤, a), R)
�((q3, a), (⇤, b)) = ((q3, a), (⇤, b), R) �((q5, B), (⇤, a)) = ((q7, B), (⇤, a), R)
�((q3, a), (B, a)) = ((q4, B), (⇤, a), L) �((q7, B), (B, c)) = ((q8, B), (B, c), R)
�((q4, B), (⇤, a)) = ((q4, B), (⇤, a), L) �((q8, B), (⇤, a)) = ((q8, B), (⇤, a), R)
�((q4, B), (B, c)) = ((q5, B), (B, c), L) �((q8, B), (B,B)) = ((q9, B), (B,B), R)


