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Equivalence between Regular Expressions and Finite
Automata

Theorem (From RE to FA)

Every language defined by a regular expression is also defined by a finite
automaton.

Theorem (From FA to RE)

Every language defined by some finite automata is also defined by a
regular expression.
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Conversion From Regular Expression to Finite Automata

Given a regular expression R, we show that L(R) is accepted by an
e-NFA such that

@ it has exactly one accepting state,

@ no arcs into the initial state, and

@ no arcs out of the accepting state.
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Conversion from Regular Expression to Finite Automata

The conversion is by structural induction on R.

Base cases:
o R=c¢€
e R=20:
e R=a(eX):
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From Regular Expression to Finite Automata
Inductive cases:

o R= R1 + R22

e R= R1R21

e R = R7:
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Examples

e 0-1%:
e (0+1)-0-1:
o (04+1)*-1-(0+1):
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From Automata to Regular Expression

Consider DFA D whose states are {1,2,...,n}, eg.,

1 0,1

0
start — @

@ The idea is to progressively accept more paths in the transition graph.

o Let Rg-c) be the name of a regular expression whose language is the
set of strings w such that w is the label of a path from state ¢ to
state 7 in D, and that path has no intermediate node whose number
is greater than k.
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From Automata to Regular Expressions

When k = 0:
© When i # j, consider every arc i — j in D.
@ If there is no such arc, then RE?) =0.
@ If there is exactly one such arc, then Rg.)) =a.
O |If there are multiple arcs ¢ 33 5, ¢ 33 7, ..., 1 25 j, then
RE?) =ay+az+ -+ ag.
@ When i = j, consider every arc & — :
@ If there is no such arc, then Rz(-;)) = €.
@ If there is exactly one such arc, then Rg.)) =€+ a.
@ |If there are multiple arcs 2 X 1,1 = 2, ..., 1 2K 1, then
RY =e+ai+as+---+a
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Example

0
start — @

X XX
NN A=
NSRSMS
(1
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From Automata to Regular Expressions

When k > 0:

©@ When the path does not use state k at all. In this case, the label of

the path is in the language of Rg?_l).

@ When the path goes through state k at least once.

R (RE)* RED

By combining the two cases, we have the expression:

Rg?) R(k 1)_|_R(k 1)(R(k 1)) R(k 1)
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Example

0
start — @

Ry =
Ry =
Ry =
Ry =

R =

Ry =

R =

Ry =
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