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Definition

Definition (NFA)

A nondeterministic finite automaton (or NFA) is defined as,
M = (QazaéaQO’F)

where
@ QQ: a finite set of states
3.: a finite set of input symbols (or input alphabet)
qo € Q: the initial state
F C Q: a set of final states
d:Q x X — 29: transition function
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Example

({QO, qdi, Q2}, {07 1}7 57 qo, {q2})
0(g0,0) = {q0,q1}  9(go,1) = {qo}

0(q1,0) =0 0(q1,1) = {q2}
6((]2, 0) = m 5(‘12, 1) = 0
0,1

0 1

cf) Compare with the equivalent DFA:

1 0
0 1
0

1
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Extended Transition Function
0 :Q x T — 29
o (Basis) s = €

e (Induction) s = wa:
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Example

0,1
(O) —(2) (=)
start —( qo q1 q2

6*(qo,00101) = U 6(ss,1) = 6(qo,1) Ud(q1,1) = {qo} U {q2} = {qo,q2}

5;€6*(q0,0010)

4% (qo,0010) = U 0(54,0) = 8(go,0) Ud(qz2,0) = {g0,q1} U D = {go,q1}
$,€06*(q0,001)

6*(q0,001) = | = 8(si,1) = 8(qo,1) U(q1,1) = {qo} U {g2} = {qo, a2}
5,€6*(q0,00)
6*(90,00) = | J  8(s:,0) = 6(g0,0) U(q1,0) = {g0,q1} U0 = {qo, a1}
8;€6*(q0,0)
5*(QO, 0) = U 5(31:7 0) = 6(‘10, 0) = {q07 QI}

8;€6*(qo,€)
5*(qo,€) = {qo}
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Exercise: Language of an NFA
The language of NFA M = (Q, X, 9, qo, F') is defined as follows:

L(M) = { }
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Exercises

Design NFAs for the following languages:
QO L={a"b|n >0}
Q@ L ={x01y | x,y € {0,1}*}
Q@ L={01lw|we{0,1}*}
QO L ={w e {0,1}* | w contains at least two 0's}
@ L ={we {0,1}* | w contains exactly two 0's}
Q@ L ={we {0,1}* | w has three consecutive 0's}
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Equivalence of DFA and NFA

Theorem (Equivalence)

A Language L is accepted by some NFA if and only if L is accepted by
some DFA.

Proof.

By the two Lemmas below. [

Lemma (DFA to NFA)

Given a DFA D, there always exists an NFA N such that L(D) = L(N).

Lemma (NFA to DFA)

Given an NFA N, there always exists a DFA D such that L(N) = L(D).
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DFA to NFA

Lemma (DFA to NFA)

Given a DFA D, there always exists an NFA N such that L(D) = L(N).

Proof) Assume a DFA D = (Q, X, dp, qo, F') is given. Define an NFA as follows:

N = (Q; 3,6N,q0, F) where 6N(q’ a) = {5D(Q9 a)}
To prove:

L(D) = {w € =" | 6p(q0, w) € F} = {w € " | 63 (g0, w) N F # 0} = L(N)
It is enough to show that
on (g0, w) = {65 (q0, w)}
The proof is by induction on |w]|.
@ w = e: By the definitions of 87, and 6%;, 67,(go0,€) = qo and 6%,(go,€) = {qo}.
@ w = sa:

dx(go,sa) = |J  On(sisa) by definition of 8%
5,€8% (q0,8)

= 0N (85 (q0,5),a) by I.H.

= {0p(dp(qo,8),a)} by definition of 8

= {6p(q0,3sa)} by definition of &%,
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NFA to DFA (Subset Construction)
Lemma (NFA to DFA)

Given an NFA N, there always exists a DFA D such that L(IN) = L(D).

Proof) Assume an NFA N = (Qn, X, 0N, go, Fiv). Define a DFA as follows

D = (QD, 27 5D3 {qO}? FD)
where

° Qp =29V
OFD={S€QD|SQFN;&0}.
@ For each S € Qp and input symbol a € X:

0p(S,a) = U on(p,a)

pES
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NFA to DFA
Then, we can prove L(IN) = L(D) by showing that

6p({q0}, w) = 63 (qo, w).
The proof is by induction on the length of w.

@ w = e: By definition, d},({qo},€) = {q0} = dx(qo;€).

@ w = sa: Induction hypothesis (1.H.):

65 ({ao}, s) = o5 (qo, 5).

05 ({ao}, sa) = 0p (05 ({ao0}, s), a) by definition of 67,
:(SD((S}kv(qO,s),a) by I.H.
= U on(p,a) by definition of dp

p€5;‘v(40,5)

= 6y (qo, sa) by definition of &%,

Cl
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Example: Subset Construction

Find a DFA that is equivalent to:

N = ({q0, g1, 492}, {0, 1}, 8, qo, {qa2})

6((107 0) = {(IO7 ql} 6((10, 1) = {QO}
4(q1,0) =0 0(q1,1) = {q2}
4(q2,0) =0 0(g2,1) =0

0,1
0 1
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Example: Subset Construction
D = (QD,{Oal}a éda{qO}a FD)

° QD = 2{qo,q1,q2} = {09 {q0}a {CI1}, L) {q09 qi, (I2}}
e Fp = {{lh}’ {q07 Q2}, {Q1, qZ}a {QO7 qi, QZ}}

@ dp:
0 1
0|0 0
— {0} | {90,a1} | {q0}
{1} |0 {a2}
*{q2} | 0 0

{90, a1} | {90, a1} | {90542}
*{qo0,q2} | {90,q1} | {20}
*{lh» QZ} (] {Q2}

*{qo, 91,92} | {g0, a1} | {90,492}
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Example: Subset Construction

0

1
é L
0
1
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