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Example |. Design a Turing machine that accepts L = {a™b" | n > 1}.

<

— ({QO7 d1, 42, 43, Q4}7 {aa b}7 {a7 b7 £L,Y, B}7 57 qo B) {Q4})

0(qo0,a) = (q1,7, R)  d(q2,y) = (q2,¥, L) 6(q0,vy) = (g3, ¥, R)
6(q1,a) = (q1,a, R) 6(g2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
5(Q17y) — (Q17yaR) 5(5127$) — (QvaaR) 5(QS7B) — (Q4vaR)
0(q1,0) = (q2,y, L)









(In ql, move right to search for the leftmost ‘b’)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
6(qi,a) = (q1,a,R)  d(q2,a) = (q2,a, L) 0(q3,y) = (g3, ¥y, R)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)












(In g2, move left to search for the leftmost ‘a’)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
6(qi,a) = (q1,a,R)  d(q2,a) = (q2,a, L) 0(q3,y) = (g3, ¥y, R)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)



B a|a|y|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (1,9, R) 6(q2,x) = (g0, 2, R)  d(g3,B) = (qu, B, R)
b) = (g2, y, L)



B/ x| a|a|y|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)















0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)
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0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)









(In g3, move right to check that there are no more b’s)

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
0(q1,a) = (q1,a, R) 0(q2,a) = (q2,a, L) 0(q3,y) = (g3, y, RR)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)






(no more b’s)

0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



0(q2,y) = (g2,y, L)
0(q2,a) = (g2,a, L)
5(QQ7 ) — (QQ,CE R)

“final state”

0(qo,y)
5(Q37 y)
0(q3, B)

(QSv Y, R)

(QSayaR)
(Q47 Ba R)



When the input string is not in the language:

0(q0,a) = (q1,z,R)  d(q2,y) = (42,9, L) 0(q0,y) = (g3, ¥, R)
6(qi,a) = (q1,a,R)  d(q2,a) = (q2,a, L) 0(q3,y) = (g3, ¥y, R)
0(q1,y) = (q1,y, R) 0(q2,) = (qo,x,R) (g3, B) = (qa, B, R)
0(q1,0) = (q2,y, L)









B a |y b|b|b | B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)



B/ x| a|y|b|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (g3, ¥, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)












0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



B X|y|y|b|b|B
a) = (q1,z,R)  d(q2,9) = (q2,9, L) 0(q0,y) = (q3,y, R)
a) = (q1,a, R) 0(q2,a) = (g2, a, L) 0(q3,y) = (g3,y, R)
Y) = (q1,y,R) (g2, z) = (qo,x,R)  0(q3,B) = (qu, B, R)
b) = (g2, y, L)









(undefined, halt)

0(q2,y) = (q2,y, L) 0(q0,y) = (g3, ¥, R)
0(g2,a) = (¢2,a, L) 0(q3,y) = (3,9, R)
0(q2, ) = (qo, r, R) 0(q3, B) = (q4, B, R)



Example 2. Given z and y, design a Turing machine that computes x + v.

M = ({qo,q1, 92,93, 91 },{0,1},{0,1, B}, 9, g0, B, {q4})

5(QO71) — (QO717R)
0(q0,0) = (q1,1, R)
5(Q171) — (Q1717R)
0(q1,B) = (q2, B, L)
5(QQ71) — (QBaoaL)
5(Q371) — (QS717L)
5(Q37B) — (Q4anR)



Initial machine configuration:




Final machine configuration:




Final machine configuration:

Addition in math is to move 0 to the right end
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(In ql, search for the right end of y)
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(In g2, replace the rightmost | by 0)
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(In g3, look for the leftmost |)
0(qo,1) = (qo, 1, R)

0(qo,0) = (Q1lR)
0(q1,1) = (Q1lR)
0(q1, B) = (g2, B, L)
( )Z(%OL)
( , 1) =(g3,1, L)
(g3, B) = (q4, B, R)
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“final state”
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Example 3. Design a Turing machine that transforms w into ww.

M = ({QO7 d1, 42, Q3}7 {1}7 {17 €L, B}? 57 qo, B7 {Q3})

5(QO71) — (qoava)
0(q0, B) = (¢1, B, L)
5(Q171) — (Q1717L)
5(Q1ax) — (QZalaR)
0(q2,1) = (g2, 1, R)
5(Q27B) — (Q1717L)
5(QI7B) — (Q3vBaR)



Initial machine configuration:




Final machine configuration:
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Initially, replace every | by x

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)




In gql, look for the rightmost x

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)




In g2, look for the first blank and write |

5(QO71) — (qu?R)
5((]073) — (QIanL)
0(q1,1) = (q1,1, L)
5(Q17I) — <QQ717R)
0(q2,1) = (g2,1, R)
6(QQaB) — (Q1717L)
5(Q1aB) — (Q3vBaR)
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“final state”




Example 4. Design a Turing machine that computes f(m,n).

f(m,n) = max(m —n,0) =if m > n then m — n else 0



Example 4. Design a Turing machine that computes f(m,n).

f(m,n) = max(m —n,0) =if m > n then m — n else 0

M — ({QO7 d1,- - - 7QG}7 {07 1}7 {07 1’ B}7 57 40, B’ {Q6})

0 1 B

do (Q17B7R) (C.I57BvR)
q1|(q1,0, R) | (q2,1, R)

q2 (Q3717L) (QQalaR) (Q4vBaL)
q3 (QSaovL) (Q3717L) (Qo,B,R)
qa (Q4707L) (Q47B7L) (QG,O,R)
ds (Q5aB7R) (Q5anR) (Q6aBaR)
46



Initial machine configuration: e.g., f(3,1)

B, 0|0 |0 I

When the machine halts:




e.g., f(3,1)
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e.g., f(1,1)
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e.g., f(1,2)
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Example, revisited



e.g., f(3,1)

Scanned 0 in g0, the cycle must repeat:

|. replace O by B
2. move right
3. enter ql

0 1 B

do (Q1aBaR) (Q5vB7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QBvlaL) (QQaLR) (Q4aBaL)
q3 (Q3707L) (Q3717L) (QO,B,R)
qa (Q4707L) (Q4anL) (QG,O,R)
ds (Q5aBaR) (Q5vB7R) (Q67BaR)
d6



In ql, search right,
looking for leftmost |

0 1 B

do (Q1aBaR) (Q57B7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QSvlaL) (Q2717R) (Q47BvL)
q3 (QBaovL) (Q3717L) (QO,B,R)
qa (Q4707L) (Q4anL) (QG,O,R)
ds (Q5anR) (Q5vB7R) (Q67BaR)
d6



In ql, search right,
looking for leftmost |

0 1 B
(Q17 B? R) (Q57 B7 R)
(Q17 07 R) (QQa 17 R)
(QSalaL) (QQ717R) (qélaB?L)
(Q3707L) (Q3717L) (QO7BaR)
(Q4,0,L) ((]4737[4) (QGaoaR)
(Q5aBaR) (Q5vB7R) (Q67BaR)




qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




- In g2, move right until it finds O
- When found, change it by |

- enter q3

0 1 B

do (Q1aBaR) (Q5vB7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QBvlaL) (QQaLR) (Q4aBaL)
q3 (Q3707L) (Q3717L) (QO,B,R)
qa (Q4707L) (Q4anL) (QG,O,R)
ds (Q5aBaR) (Q5vB7R) (Q67BaR)
d6



qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




/N
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qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




Begin a new cycle.

qo

di1
q2
q3
q4
d5
d6

(qéla B7 L)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




B

BB B | O

look for leftmost |

«—~ -~ -~ -~




qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




move right until it finds O

0 1 B

do (Q1anR) (Q57B7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QSvlaL) (QQaLR) (Q47BvL)
q3 (QBaovL) (Q3717L) (QO,B,R)
qa (Q4707L) (Q4anL) (QG,O,R)
ds (Q5anR) (Q5vaR) (Q67BaR)
d6



- No more O’s.

- All n O’s changed to |
- nt| O’s changed to B )
- m-(nt1) O’s on the tape 9
- replace all I's by B and put one 0
0 1 B
qdo (QbB?R) (Q5aB7R)
d1 (Q1707R) (QZalaR)
q2 (QBalaL) (QQ717R) (qélaBaL)
43 (Q3707L) (Q3717L) (QOvBaR)
44 ((]4,0,L) ((]4737[4) (QGaoaR)
ds5 (Q5aBaR) (Q5aBaR) (Q6aBaR)
d6




qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




B

B

BB B | O
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B|B B B

BB B | O
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- change that B by O
- enter the final state

(qéla B7 L)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




B|B B B

0

0

B

/N

)))))

CISONSAORS)
DN~~~ A
SV ENENEN
Mo~ om
BRSRORONORS;)
S A N ™M < a0 ©
ST I I



e.g., f(1,1)

- change O by B
- enter ql

0 1 B

do (QbB?R) (Q5vB7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QSalaL) (QQ717R) (CM»B,L)
q3 (Q3707L) (Q3717L) (QO7BaR)
qa (Q4707L) ((]4737[4) (QGaoaR)
ds (Q5anR) (Q5vaR) (Q67B7R)
d6



- look for the leftmost |
- when found, enter q2

0 1 B

do (Q1aBaR) (Q57B7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QSvlaL) (Q2717R) (Q47BvL)
q3 (Q3707L) (Q3717L) (QO,B,R)
qa (Q4707L) (Q4anL) (QG,O,R)
ds (Q5anR) (Q5vB7R) (Q67BaR)
d6



- move right until it finds 0
- when found, that O by |
- enter q3

(qéla 37 L)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)



move left until it finds B

qo

di1
q2
q3
q4
d5
d6

(qéla B7 L)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




when B found, begin the cycle

0 1 B

do (QbB?R) (Q5vB7R)

d1 (Q17 07 R) (QZa 17 R)

q2 (QSalaL) (QQ717R) (qélaB?L)
q3 (Q3707L) (Q3717L) (QO7BaR)
qa (Q4707L) ((]4737[4) (QGaoaR)
ds (Q5anR) (Q5vaR) (Q67BaR)
d6



- cannot find 0 in g0
- N>=m

- replace | by B

- enter g5

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




qo

di1
q2
q3
q4
d5
d6

(Q4anL)
(QO7 Ba R)
(QGaoaR)
(Q67 Ba R)




B/  B|B|B|B B | B |B

enter g6
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B/  B|B|B|B B | B |B
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